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Ill Conditioning in Self-Heating FET Models
S. A. Maas, Fellow, IEEE

Abstract—This paper shows that the introduction of self heating
effects into a FET model can cause severe ill conditioning in non-
linear circuit simulators. Depending on the parameter values of the
model, the solutions can be indistinct, multiple, or even nonexis-
tent. The result is poor convergence in nonlinear simulations using
such models.

I. INTRODUCTION

A LTHOUGH there has been considerable work on thermal
stability in solid-state devices [1]–[10], there has been

considerably less that examines the interaction between
self-heating models and nonlinear circuit simulation. In
harmonic-balance simulations of FET circuits that included
self-heating effects, the author occasionally noticed poor con-
vergence in models that were generally robust. Among these
was the Motorola Electrothermal Model (MET) [10], [11].
The nonconvergence was clearly related to the self-heating;
removing the self-heating effect, either by making the thermal
resistance zero or by setting the temperature coefficients to
zero, resulted in robust and rapid convergence. The sign of
the temperature coefficient for the threshold voltage had an
especially strong influence on this effect.

In closer investigation, we discovered that it is rather easy
to create a situation where the MET model, or any other FET
model, is ill-conditioned. In this case, a solution of the device
equations may be poorly defined, and there also may be multiple
solutions. Under some circumstances, no solutions are possible.
If the model’s thermal corrections are valid over a wide temper-
ature range, such a situation implies that the device is thermally
unstable; often, it is prone to thermal runaway. This situation
exists for all methods of simulation.

II. THEORY

Self heating in solid state devices is traditionally modeled by
generating a current that is numerically equal to the power in the
device, and applying that current to a parallel RC circuit. The
resistance of the RC circuit models the thermal conductivity,
and the capacitance, the thermal mass. The voltage across this
combination is the temperature increase in the device; thus, for
dc bias, the temperature increase is

(1)

where is the power dissipation, and is the thermal resis-
tance in degrees Celsius per watt. The device temperatureis

(2)

where is the mounting surface, or baseplate, temperature.
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The parameters of the MET model are determined at a tem-
perature , and most parameters depend linearly on

. In particular, the threshold voltage is

(3)

where is the threshold voltage at and is the
temperature coefficient. (Similar linear corrections are used in
other models, as well.) Usually, so for simplicity
we can assume that

(4)

We now illustrate the problem of ill conditioning by using this
threshold-voltage expression in a simple, quadratic FET model.
The purpose of this example is to illustrate, in an intuitively
comprehensible manner, how ill conditioning can occur; it is not
intended to represent a valid thermal model of modern MOS-
FETs. We consider only dc bias, and we assume that the drain
current is given by the expression

(5)

where is a constant and is the gate-to-source voltage. From
(1), is

(6)

or, in inverse form,

(7)

where is the drain-to-source voltage.
Equations (5) and (7) can be viewed as functions of that

must be solved simultaneously. A solution can be determined by
graphing the two equations and finding the point of intersection
of the two curves. Such a plot is shown in Fig. 1. It is clear that,
in the case presented, the pair of equations has two solutions,
and, because the slopes of the curves are approximately equal,
neither is distinct. It represents a classical, ill-conditioned case.
Furthermore, if were increased slightly, the slope of the
curve would decrease, and no solution would exist. This case
corresponds to thermal runaway.

On the other hand, if were negative, the slope of the
(5) curve would be negative at the intersection, and a distinct
solution would exist. Depending on the other parameter values,
a second, spurious solution might exist; however, it would occur
at a very high temperature, and the simulator usually would find
the correct one.

It is a common practice to limit the maximum value of
in some numerically acceptable manner. This practice prevents
transient high temperature values, which might occur during
the harmonic-balance iterations, from causing numerical errors
in the device equations. This practice has the effect, in Fig. 1,
of making the curve flat above the maximum temperature.
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Fig. 1. Plots ofI from (5) (o) and (7)(x) for the case� = 0:1,R = 5:0,
� = 0:1, V = �1:0, andV = 3:0. Two solutions exist, neither of which
is distinct.

This expedient would create yet a third solution of the system
of equations, and, thus, might do more harm than good.

In summary, numerical ill conditioning can occur when the
derivatives of (5) and (7) are approximately equal over a broad
range ( tens of degrees) of . A sufficient condition for
nonexistence of a solution is that the derivative of (7) be less
than that of (5) over the entire temperature range.

We have found that, in many devices, the negative shift in
threshold voltage with increased temperature is a dominant
effect in causing such ill conditioning. Another strong effect
is the reduction in mobility with increased temperature, which
tends to reduce and increase contact resistances. In the
above example, mobility reduction would increase the ill
conditioning; however, in more realistic cases, such as the
MET example below, it tends to reduce the problem. In most
devices, the interplay of these phenomena may either reduce or
exacerbate the problem of poor conditioning.

III. MET N UMERICAL EXPERIMENT

A numerical experiment illustrates this phenomenon in a
practical FET model. Although the MET model was used, any
FET model satisfying the conditions stated above can exhibit
the same ill conditioning. is calculated by setting

in the model and varying the baseplate temperature.
Default values (defined in [11]) of all parameters, except
for temperature coefficients, are used; only the temperature
coefficient of is nonzero.

Fig. 2 shows plots analogous to those of Fig. 1. The limit of
convergence was C/W; occasionally, convergence
was achieved at higher values of but in such cases it was
clearly because of numerical limiting of the temperature excur-
sions, causing the flat portion of the curve. The model exhibited
multiple solutions in this region. It is clear that no practical solu-
tion exists (i.e., no solution at a practical temperature) at values
of .

IV. CONCLUSION

Self heating effects in FET models can cause severe ill
conditioning, resulting in solutions that are indistinct, multiple,
or nonexistent. The result is poor convergence in harmonic-bal-

Fig. 2. Plots ofI (T ) (o) and (5) (x) for the MET model. The model
parameters are the defaults defined in [11], but all temperature coefficients
exceptV = �0:02 are set to zero.R = 25:0, V = 10:0 V,
V = 4:0 V.

ance simulations using such models. This effect has been
demonstrated in the MET model, but other models that include
self heating can exhibit the phenomenon. A necessary condition
for nonexistence of a solution is that the derivative of (7) be
equal to or less than that of (5) over a broad temperature range.
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